Abstract-Erythrocytes undergo deformations when they transport O 2 and CO 2 across the membrane, yet the 3D nanomechanics of the skeletal network remains poorly understood. Expanding from our previous single isolated unit, we now simulate networks consisting of 1-10 concentric rings of repeating units in equibiaxial deformation. The networks are organized with (1) a 3D model for a single unit, (2) a wrap-around mode between Sp and actin protofilament in the intra-unit interaction, and (3) a random inter-unit connectivity. These assumptions permit efficient five-degreesof-freedom (5DOF) simulations when up to 30 pN of radial forces are applied to the boundary spectrin (Sp) and the center and other units are analyzed. As 6 Sp balance their tensions, hexagonal units become irregular. While actin protofilaments remain tangent to the network, their yaw (F) angles change drastically with addition of neighboring units or an Sp unfolding. It is anticipated that during deformation, transmembrane complexes associated with the network move laterally through the lipid bilayer and increase the diffusion of molecules across the membrane. When protofilament/Sp sweeps under the lipid bilayer, they mix up the submembrane concentration gradient. Thus, the nanomechanics of actin protofilaments and Sp may enhance the transport of molecules during erythrocyte deformation.
INTRODUCTION
Understanding the relationship between the structure of the cell membrane and its mechanical properties will be an important endeavor in cell biology and bioengineering in the next decade. 8 An erythrocyte offers the simplest model to study cell membranes as it consists of only a lipid bilayer and an underlying protein skeleton. It is this structure that allows erythrocytes to repeatedly squeeze through small capillaries without compromising their structural integrity (Fig. 1a) .
The erythrocyte membrane skeletal network (Fig. 1b) is composed of repeating units, consisting of two kinds of major protein complexes ( Fig. 2b ): junctional complexes (JC) and suspension complexes (SC). Within each unit, there are six peripheral SC, each is connected to a central JC by a flexible spectrin dimer (Sp). SC (mainly trans-membrane protein band 3, ankyrin, and protein 4.2) links the protein network to the lipid bilayer; JC (mainly an actin protofilament reinforced by tropomyosin, capped by erythrocyte tropomodulin, and stabilized by protein 4.1) functions as the hub for three pairs of Sp to converge. Between units, Sp dimers inter-connect to form tetramers (Sp-t), creating a network (Fig. 2c) , consisting of mainly hexagons 2, 23, 29 with a small number of pentagons and heptagons. 23 In the study of Sung and Vera, 36 we illustrated that it is the length of the actin filament that dictates the hexagonal topology of the network.
Erythrocyte membranes have been the focus of many investigations. Experimentally, their local and global responses were characterized by micropipette aspiration, 3, 4, 9, 34, 35, 37 optical tweezers, 16, 32 and microrheology. 19 The numerical models describing their mechanics, however, are not based on its 3D structure. 1, 6, 7, 14, 15, 17, 21 As novel mechanical properties of several key components (e.g., Sp, ankyrin, and the lipid bilayer) have been characterized through atomic force microscopy 18, 25, 28 and/or molecular dynamics simulations, 12 ,13,24,33 a more comprehensive model that includes the detailed molecular architecture, single unit organization, and network topology would provide much deeper insights to the molecular basis of erythrocyte membrane mechanics.
The first 3D model for JC reported by Sung and Vera in 2003, 36 predicted the connectivity among 6 Sp bound to the protofilament. This connectivity was then used to develop a mathematical model to determine the equilibrium condition for a variety of initial configurations. For the first time 3D nanomechanics of a single isolated unit during equibiaxial and anisotropic deformations was predicted in 2005 by Vera et al. 38 Later, the modeling approach for the lipid bilayer developed by Granek 11 and Lin and Brown 22 was included to develop a hybrid model of a single unit coupled with lipid bilayer. 40 Both models provided a unique glimpse as to how a single unit (~3650 nm 2 ) of the membrane skeleton may behave in 3D. This is significant since its response to mechanical stress is difficult to obtain experimentally.
The model developed here further characterizes the mechanical behavior of a multiunit network during equibiaxial deformation. It provides insights as to how a unit connected in the network may be influenced by neighboring units. Interesting new phenomena were revealed when random connectivity among units was simulated. In the future, this model will also be used to simulate membrane skeletal networks with molecular defects found in human patients or animal models, since mutations, damages, or cross-links often result in alterations of the structure of the units, their connectivity, and mechanical properties of the elements of the units. These issues may be incorporated in the new simulations.
METHODS
The purpose of this paper is to study the mechanical equilibrium of networks formed by concentric rings of repeating units based on the 3D model of a single JC in the erythrocyte membrane skeleton 36 ( Fig. 2 ). This approach focuses on the average behavior of the ensemble of units in the network as we vary the number of units, the connectivity, the forces applied, and other factors that we shall soon describe. We single out the behavior of a characteristic unit embedded in the network, in contrast with the study of a single unit in isolation, which was done previously.
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Model Assumptions
The calculations of the network nanomechanics depend on several assumptions chosen as close as possible to the physiological conditions, similar to those in Vera et al. 38 In order to simulate large networks in reasonable computational time several simplifications were made (Fig. 3a) . These include assuming a rigid body model with 5DOF for the protofilament, which preserves its three translational and two rotational motions (pitch and yaw) in 3D space (Fig. 3b) . The protofilament mass and damping coefficients were selected to minimize the time in which the network reached equilibrium (by dynamic relaxation). Here Sp-t was modeled as a nonlinear massless elastic string with a force-extension curve based on the wornlike-chain (WLC) model of Rief et al. 28 ( Fig. 3c ). The WLC model allows Sp to unfold. Sp-t is modeled as two Sp in series (we do not simulate the separation of Sp-t to two Sp) and the contour length for each Sp used is 163.4 nm. 28 We also used 30 pN as the maximal tension for any Sp before unfolding, and every time it unfolds the length increases by 31.7 nm. A major difference is that previously, when a single unit was modeled, 38 the coordinates of 6 SC were fixed corresponding to specific stretch ratios. Here we allowed them to move in response to the peripheral force applied.
Network Connectivity and Applied Forces
Hexagonal networks (each representing a repeating unit) have been constructed with varying number of them arranged in concentric rings (Fig. 4) . In this study, we define three connectivity levels for the network from small to large in the scale: (a) Sp/Actin connectivity: Each Sp i wraps around the actin protofilament (Fig. 2a) ; (b) Intra-unit connectivity: Each Sp i connects to the nearby corresponding SC i (e.g., Sp 1 / SC 1 ) (Fig. 2b) ; and (c) Inter-unit connectivity: Random head-to-head association between any 2 Sp i (or any SC i ) from neighboring units in forming Sp-t (e.g., Sp 1 from unit 1 to Sp 2 in unit 2) (Fig. 2c) . Membrane deformation was simulated in two ways: (a) Radial force: variable radial forces applied to all peripheral Sp as in Fig. 4b ; (b) Fixed boundaries: the final coordinates of the peripheral SC have been defined corresponding to specific stretch ratios.
Due to computational constraints, we simulated an isolated network up to 10 concentric rings with a maximum of 271 units, as opposed to the entire erythrocyte network of~106 concentric rings with 33,000 units. Simulating the largest network of 10 rings corresponds to the solution of an ordinary differential equation of order 13,008. We ignored the coupling of the protein network to the lipid bilayer and maintained the same intra-unit connectivity (between JC and SC) as proposed by Sung and Vera 36 (Fig. 2b) . We allowed for each unit in the network to be connected in one of the six possible different orientations, which were chosen at random as expected in the physiological condition (Fig. 2c ). Starting from a single unit in the center (CU), we simulated progressively complex networks by adding one ring of peripheral units (PU) at a time connected to the distal (head) ends of Sp in the existing network.
Attachment Modes and DOF
We previously proposed a wrap-around model as an attachment mode between Sp and actin protofilament 36 in addition to the point-attachment mode. In our previous single-unit simulation, we treated the point-attachment as a simple mechanical ball-joint located at the surface of the protofilament producing a 6DOF model. 38 More recently, we also simulated the nanomechanics of a single unit coupled with lipid bilayer using both point-attachment (6DOF) and the wrap-around modes (5DOF). 40 The extension of a and/or b Sp wrapping around the protofilament may provide a mechanism to minimize the torque applied to the protofilament during deformation, and eliminate the roll motion, effectively producing a 5DOF system, which can be simulated efficiently in this paper.
We devoted a whole paper in 2003 to address the question as to where 6 Sp may be positioned along an actin protofilament. 36 After extensive analysis, we discovered that the only way 6 Sp may span 360°(top view) around the protofilament is for them to form three pairs at the top, middle, and bottom of the filament (Fig. 2b) , and for each pair to wrap the filament in a back-to-back fashion (Fig. 3d) . The biochemistry data further allowed us to propose in greater detail how domains in a and b Sp may wrap around the actin protofilament ( Fig. 3e) . 40 Even though it remains to be proven, we believe that the proposed wrap-around model is likely to be the functional and physiological mode of attachment. The wrap-around and the 36 Block: G actin; Circle: Sp; Arrow: orientation of a or b Sp; (e) How Sp domains may wrap around the actin filament. 40 flexibility of a and b Sp make the 5DOF assumption reasonable, allowing the simulation of large networks to be possible in reasonable computational time.
Network Simulations
We have generated 1950 random instances of the multiunit networks consisting of one to ten rings of units. We performed two types of simulation. In one type, we subjected the networks to an equibiaxial deformation by applying an increasing radial force to all peripheral Sp (Fig. 4b) . Forces were applied in such a way as to not produce any rigid motion on the network, i.e., global translations or rotations. In another type, we defined a set of fixed final coordinates for peripheral SC (corresponding to specific stretch ratios) and allowed the dynamic system to reach equilibrium. We found equivalent mechanical behaviors between these two types of simulation. In any given series of simulations, we first applied a force of 2.5 pN to a network of a specified number of subunits with an initial h = 90°and let the dynamic network reach its equilibrium. We then used this equilibrium condition as the initial condition for the next simulation, in which the force was increased by another 2.5 pN. We followed this scheme until the force reached 30 pN.
Analysis
For each simulation, we obtained the attitude (pitch (h) and yaw (F) angles) for all the actin protofilaments and the length and tension for each Sp in the network, with which we computed some average properties of the ensembles. We analyzed and reported in greater detail the behavior of the central unit (CU), which is the unit that is most isolated from potential effects of the boundary conditions.
Mathematical Model of a Single Unit
The mathematical model used here for a single unit is discussed in detail by Skelton and de Oliveira. 31 Under the assumptions discussed above, the protofilament is a rigid rod with 5 DOF of mass m and length '. Following Skelton and de Oliveira, 31 the equations of motion for such rigid body can be described by:
where r is a vector pointing to the center of mass, m, of the protofilament, b is a unit vector in the direction of the protofilament, and J is the moment of inertia of the rigid protofilament. As we are interested mostly in the static equilibrium, we have chosen J ¼ m' 2 =12 which corresponds to the assumption that mass is being uniformly distributed along the protofilament length. The generalized forces f r and f b are calculated as:
where the vector f i represents a force applied at a node located at distance ' i measured from the center of mass of the protofilament. In a typical unit, these forces arise from elongation of Sp, which were modeled as nonlinear elastic elements following the force vs. elongation curve of the WLC model of Rief et al. 28 as discussed before. The contour of Sp and its potential collisions with other molecules were not modeled.
For a PU, there might also be forces associated with membrane forces or boundary constraints, as already discussed. SC is modeled as simple point mass. For convergence to an equilibrium configuration, diagonal damping is added with mass and damping coefficient tuned for faster convergence.
RESULTS AND DISCUSSION
Actin Protofilaments Are Tangent to the Network
Our 1950 simulations revealed that h angles of actin protofilaments in the CU were largely~0°when radial forces of 2.5-30 pN were applied to all PU in the network. Therefore, the protofilaments are predicted to be mostly tangent to the network during equibiaxial deformations.
Actin protofilament tangent to the membrane is consistent with experimental results using erythrocyte ghosts labeled with rhodamine-phalloidin visualized by fluorescence polarization microscopy (FPM), 27 where more than 60% of the protofilaments had a pitch angle within 0°to 22°(mean error of 17%). The agreement suggests that parameters used here are likely to be near the physiological values. Simulation results also suggest that this 3D network has a molecular organization designed to minimize the intrusion/disturbance of the protofilaments into the lipid bilayer, thus maximizing the stability of the membrane during whole cell deformation. The results of our simulations in which the network reaches equilibrium states where h is zero or near zero further suggests that the protofilaments have enough freedom to rotate and translate to achieve these lower energy equilibrium states.
Tensions in Sp Are Balanced
In all of our simulations, the tensions among 6 Sp in a CU are very similar, regardless of the magnitude of force and the number of rings. It is also insensitive to the position of Sp along the actin protofilament (Fig. 2b) , despite the fact that the protofilament is 37 nm long (not a node). Similar results are also found in PU. This result indicates that the skeletal network of erythrocytes balances the forces around each JC and prevents a build up of greater tension in any particular Sp. This simulation result implies that an erythrocyte has the ability to redistribute the load, minimizing the damage to any Sp in any given areas that are subjected to equibiaxial deformation during circulation.
Repeating Units Become Irregular Hexagons
In our simulations, each unit is initiated at a perfectly symmetric hexagonal state. After application of the forces, each unit has become an irregular hexagon when the final equilibrium state is reached. This occurs because when 6 Sp (attached to various points along the protofilament) balance their tensions, each unit deforms its boundary into an irregular hexagon (Fig. 5) . Such behavior would not happen if a JC were treated as a dimensionless node.
We derived a hexagon irregularity (Ir) index, which is calculated as:
where Li is the length of the individual boundary and Avg(Li) is the average length of Li within the same hexagon. The corner of the hexagon is assumed by the midpoint between 2 SC. For example, in Fig. 5 , after a force of 2.5 pN was applied to each PU in a network the Ir index became 2.21 ± 0.3 SD as the network underwent equibiaxial extension. The Ir index is a useful measure of local deformation at the resolution of the single-unit level. However, it can be summarized (mean ± SD) to provide insights into how much interconnected units may undergo uneven deformation to achieve a global equibiaxial deformation of the entire network. We anticipate that this index in the future would become more indicative for the analysis of diseased networks with molecular defects (e.g., with reduced Sp number) or networks undergoing anisotropic deformation.
Sp Unfolding May Be Rare in the Network
To determine Sp unfolding frequency, we performed 35 simulations and used the increase of Sp length (bỹ 31.7 nm) as the indication for unfolding (Fig. 3c) . We noted that when a radial force 27.5 pN was applied to each PU, a small number of Sp in CU began to unfold (even though the value of 30 pN was set to be the threshold for Sp unfolding). At 25 pN or below, none did. Among the 6 Sp in each unit, Sp 1 and Sp 6 appear to have slightly lower instances of first unfolding. A second unfolding (two domains of Sp unfolded) occurred even less often. As only about 0.15 ± 0.16% of Sp in all units had unfolded once among 35 simulations (with 2-10 rings), Sp unfolding may not be a frequent event (without considering other factors, e.g., thermal fluctuation). The simulation results suggest that overall the network has an excellent design to distribute and balance the tension (by reshaping the basic repeating units); but minor degrees of heterogeneity in tension (e.g., due to the different connectivity) may lead to small numbers of Sp unfolding, even though the applied force itself to the network has not reached the threshold. Thus, a small number of Sp unfolding or local hemolysis may happen if erythrocytes are subjected to near threshold mechanical stress.
F Angles Are Greatly Affected by Inter-Unit Connectivity
Increasing force applied to the networks from 5.0 to 25 pN did not alter F of the CU significantly (e.g., see R5 in Fig. 6a) . However, addition of rings (Fig. 4) , (a) F in CU when the network grows from 1 ring (R1) to 10 rings (R10). Each network is subjected to increasing forces sequentially from 2.5 to 25 pN; an extra ring of PU is added to the existing network and the same range of forces is applied again. F remains relatively constant within the range of radial forces (e.g., within R5), but jumps each time an additional ring is added (e.g., from R1 to R2). (b) Diagram following one example of protofilament, where its F jumps from one of the preferred six angles to another preferred angles when each ring is added. A single unit is shown with F 5 30°.
drastically changed F to a new value (e.g., from R6 to R7 in Fig. 6a ). Such change may be attributed to the random inter-unit connectivity with several new PU, indicating the drastic influence exerted by the neighboring units. These predictions imply that the interunit connectivity may dominate the F values of the actin protofilaments in each unit, especially during the construction phase of the skeletal network. Once connections are made and the network is completed; however, the F values may be largely maintained. Since the yaw angle distributions in networks of 5, 7, and 10 rings are similar, consistent behaviors may be expected in larger networks consisting of more than 100 rings as found in whole erythrocytes.
Six Preferred F Angles
The value of F in a single unit (one ring network structure) was~30°. The values of F in the networks of multiple rings spanned 360°. The heterogeneity of F angles (and thus JC) in the network may be advantageous in the case of unsustainable deformation, as a given failure will not be extended linearly throughout the entire network.
However, there seemed to be six preferred F values with an interval of~60°. This was not only found in CU, but also in all units. For example, Fig. 7a shows a histogram of F in 1500 simulations and six preferred F values of about 2150°, 290°, 230°, 30°, 90°, and 150°w ere predicted. This is surprising considering the number of units involved in the networks (e.g., 271 units in 10 rings, Fig. 7b) . Remarkably, as a ring of units was added, F of CU drastically changed from one to another preferred angle (Fig. 6b) .
It is not yet clear exactly why six preferred angles exist. Perhaps it is related to the organization of a JC, where three pairs of Sp wrap around a 37-nm long filament at its top, middle, and bottom, so that a protofilament may tend to align with one of three pairs of Sp. We assume all units have the same intra-unit connectivity (Fig. 2b) , meaning there is a given orientation for each Sp, due to its binding site coordinates, head-to-tail directionality, and relative rigidity. We also assume all repeating units have 6 Sp without any heterogeneity (e.g., pentagons or heptagons which exist in erythrocytes in small percentages). 23 Therefore, the F values in erythrocytes may be slightly more random than predicted here.
There has been no experimental data reporting, or other 3D models predicting, F values in erythrocytes or networks under equibiaxial extension. Using a 2D network, Picart et al. simulated anisotropic deformation and predicted a random distribution of yaw angles. 26 There was a transmission electron micrograph of the erythrocyte membrane skeleton 5 from which we also obtained similar six preferred F values. However, the sample was prepared under a hypertonic condition (not in equibiaxial extension), so more studies are needed to confirm our predictions experimentally at the whole cell level.
Single Sp Unfolding Sets off Global Changes of F in the Network
The F values of protofilaments in the network do not significantly change with increasing forces (in the range of 5-25 pN). However, when any Sp unfolds (e.g., at 27.5 pN or higher), then the F of every JC over the entire network changes significantly (Fig. 8) . This result suggests that when one Sp unfolds anywhere in the network, the entire network readjusts and reaches a new steady state. A force of 27.5 pN corresponds to a k of 3.4, which is far beyond the sustainable level (k = 2.67). 20 This result implies that under physiological conditions, the orientations of the actin protofilaments in the network remain relatively unchanged during equibiaxial deformation (except at the very low tension, see Fig. 8 ). That is, until Sp unfolds.
3D Modeling: From Single-Unit to Multiunit Table 1 summarizes the nanomechanics of Sp and actin protofilament during equibiaxial deformation using our three mathematical simulations, our previous dynamic relaxation model 38 and our hybrid model 40 for a single isolated unit, and the current network model for a multiunit network.
Regarding the h angle: In our previous 6DOF singleunit simulations, 38 a vertical stiffness modulus K m (representing the interaction between a JC and the lipid bilayer) was introduced. With this, a h of~18°or less was predicted within a ''fixed'' JC. Single-unit models coupled with the lipid bilayer produced a h of~28°( 6DOF) and~0°(5DOF). 40 In our current 5DOF multiunit simulations, when the boundary of each unit is allowed to move in the network in response to the tension, a ''flat'' network was generated without the participation of the lipid bilayer. This implies that a network organized with (1) the proposed 3D model of each unit, (2) a wrap-around mode between Sp and protofilament in the intra-unit interaction, and (3) a random inter-unit connectivity may be close to the physiological condition.
Regarding the F angle: Our previous simulations for a single isolated unit reported F = 28°-33°, and in this network simulation we report a 360°distribution with six preferential values. These simulation results demonstrate the importance of inter-unit connectivity of the network in the orientation of the protofilaments in each unit. When a single Sp unfolds, all F angles in the network change significantly.
Regarding Sp tension: Tension in 6 Sp of a single isolated unit is similar to that in the network, but the latter has a smaller SD. While the former were forced to maintain a perfect hexagon, the latter was allowed to move, resulting in irregular topology of individual units.
Regarding Sp unfolding: In our previous 6DOF single-unit simulations, 38 the equibiaxial extension ratio (k) required to produce the first Sp unfolding was 3.6; in the current 5DOF multiunit simulations, it was 27.5 pN, corresponding to a k of~3.4. Therefore, all models predicted Sp unfolding only at very high equibiaxial deformation ratios (k = 3.4-3.6). Since intravascular lysis of erythrocytes normally does not happen, erythrocytes must undergo sustainable equibiaxial deformation (k < 2.67) 9 in circulation. Therefore, Sp unfolding may be a rare event. This implies that the remarkable elasticity of erythrocytes may be a function of the nonlinear behavior of Sp (Fig. 3c) , and not the modular elongation produced by unfolding. The latter may only happen at a very large equibiaxial deformation, e.g., at spleen sinusoids, where old and diseased erythrocytes are caught and eliminated from circulation.
In the future, we will use the current 5DOF multiunit model to simulate networks (e.g., of mouse knockout/mutant models and human patients) with specific defects in their membrane skeletal network.
Many known defects are at the molecular level and are expected to affect the unit structure, the connection between units, their mechanical properties, or combination thereof. Therefore, it is possible to vary these in the current model to explore their consequences at the network level.
Network Nanomechanics in Membrane Transport
Simulations of the nanomechanics of membrane skeletal network may provide some insights into why deformations of erythrocytes in small capillaries may be important or essential for their O 2 and CO 2 transport function across the cell membrane ( Fig. 1): (1) as SC and JC (both contain transmembrane proteins) move laterally during equibiaxial deformation through the lipid bilayer back and forth vertically. Such disturbances may function to increase the diffusion of molecules (e.g., O 2 ) across the membrane; and (2) as JC move or change yaw angles during equibiaxial deformation (e.g., at very low level, see Fig. 8 ), the protofilament and six associated Sp sweep horizontally back and forth under the lipid bilayer. Such disturbance may mix the submembrane concentration gradient of molecules. The combination of the two may facilitate the transport of molecules across the erythrocyte membrane.
Normally physical and chemical factors (e.g., lipid solubility, size, and charge) govern the diffusion coefficient (D) of a molecule across a steady lipid bilayer. Further, the overall diffusion rate is a function of D and the concentration gradient across the membrane. TABLE 1. Nanomechanics of Sp and actin protofilament during equibiaxial deformation using our three mathematical simulations: dynamic relaxation model, 38 hybrid model, 40 and network model in this study.
The nanomechanics of the network may increase the efficiency of the diffusion. It is also known that erythrocytes undergo anisotropic deformation in addition to equibiaxial deformation. Therefore, a transition from one mode of deformation to the other 10 (e.g., inside the capillaries and/or in and out of capillaries) may further enhance the transport function of erythrocytes. Finally, there are proteins associated with the network function as transporter (e.g., anion exchanger in SC). Therefore, mechano-regulation of ion transports (e.g., HCO 3 2 and Cl
2
) during the network deformation is a possibility and would also be an interesting mechanism to study.
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